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Abstract 

In this paper the inverse problem of the correspondence between the 
solutions of the Dirac equation and electromagnetic 4-potentials, has been 
completely solved. It is shown that any solution of the Dirac equation with 
real 4-potential corresponds to one and only one real 4-potential and to 
infinitely many complex 4-potentials. The expressions of the 4-potentials 
as functions of the Dirac solution are provided for both cases. It is also 
proven that every Dirac solution corresponds to one and only one mass of 
Dirac particles. Some new consistency conditions are also derived. 

PACS: 03.65.Pm, 03.50.De, 41.20.-q 

1 Introduction 

The Dirac equation is one of the greatest achievements of theoretical physics 
ever made. [T] . It has been the first electron equation in quantum mechanics to 
satisfy the Lorentz covariance [2] , which is an important restriction on physical 
theories. The introduction of Dirac equation triggered the beginning of one 
of the most powerful theory ever formulated: the quantum electrodynamics. 
This equation predicted the spin and the magnetic moment of the electrons, the 
existence of antiparticles and was able to reproduce accurately the spectrum of 
the hydrogen atom. Dirac equation has played an important role in various areas 
of physics such as high energy physics and nuclear physics, while recently it's 
usefulness has been realized in condensed matter, because the electronic band 
structure in solids sometimes has features similar to those extracted from Dirac 
Hamiltonian for massless fermions [3] , [3] Despite all the work that has been done 
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over the years, Dirac equation is exactly solvable only for very few interactions 
0) [S], [7] , [8] , and the solutions usually come with a strong constraint on the 
potentials [H], [ID], [II] 

The majority of the previously reported work focusses in finding the wave 
function 'J when the electromagnetic 4- potential is given. An interesting ques- 
tion formulated earlier by Eliezer jT^] focused in the inverse problem: "Given 
the wave function VP, what can we say about the electromagnetic potential A^, 
which is connected with VP by Dirac's equation? Is uniquely determined, 
and if not, what is the extent to which it is arbitrary? " . The expressions of A^ 
as a function of the components of ^ allow to be expressed the components of 
the electromagnetic tensor, f^ v , also in the same manner. In his relevant work 
Eliezer found an expression of the magnetic vector potential components as a 
function of ^ and the electric scalar potential </>. Eliezer pointed out that the 
Dirac equation could be written in the matrix form PX = Q, where P contains 
only Dirac spinor components and X contains only electromagnetic potential 
components. In this case the four equations of the system are not linearly in- 
dependent, because det P = 0, and so P is not invertible. One important work 
of Radford in this direction is reported in [13]. In this work the Dirac equa- 
tion is expressed in 2-spinor form, which allows it to be (covariantly) solved for 
the electromagnetic 4-potential, in terms of the wave function and its deriva- 
tives. This approach subsequently led to some physically interesting results, 
see also [T3], [15], [TB] (for a review see [T7]). In [TSJ it was demonstrated that 
the Dirac equation is indeed algebraically invertible if a real solution for the 
vector potential is required. Namely, two expressions for the components A^ 
of the electromagnetic 4-potential are presented, equivalent to the one given in 
[13]. These two expressions, by using the standard representation of the Dirac 
matrices 7„, /i = 1,2,3,4, can be equivalently written in the following forms 

A f> = 2qtt* 74 tt $ m and A n = 2g<&* 7l X 727 3* M ' where $ A< and n f* are bilinear 
forms in terms of \& and its derivatives. It is obvious that both expressions do 
not hold in the case ^*7 4 ^ = x I'*7i7273^ / = 0. Therefore, a question arises 
here, concerning the existence of nonzero solutions VE' of the Dirac equation sat- 
isfying the conditions ^*j 4 ^> = v E'*7i7273^' = 0. It is clear from the above that 
the inverse problem remains open. 

In this work we provide the complete solution to the inverse problem. In 
section 2 we reproduce the results given in [T3], [TS], which are needed in the 
rest of this paper, by conveniently using the standard representation of the 
Dirac matrices. In section 3 we prove that any non zero solution of Dirac 
equation connected with a real 4-potential, corresponds to one and only one 
mass as well as to one and only one real 4-potential. In section 4 we provide 
a complete solution to the inverse problem, based on the results of the previ- 
ous two sections. More specifically, we show that any non zero solution \fr of 
the Dirac equation with real electromagnetic 4-potential satisfies the condition 
supp^* (7 4 +7i7 2 73) ^ = supp(^), which is equivalent to either <I>*7 4 \I/ ^ 
or 4'*7i7273 v f' ^ at any point in supp(\I / ). Subsequently, we provide the ap- 
propriate expressions for the components A^ of the unique 4- potential in terms 
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of VP and its derivatives, using the results of [TH]- Further, we prove that any so- 
lution of the Dirac equation with real electromagnetic 4-potential is connected 
with an infinite number of complex 4-potentials, provided that the condition 
\E ,T 7 2 V I' ^ holds. Finally, in section 5, some new consistency conditions are 
presented. 

2 Preliminaries 



For convenience, we employ the fourth coordinate xq = ct and Euclidian metric, 
which is the simplest physical metric. The Dirac equation which includes an 
electromagnetic 4- potential [H] can be written in the following form: 
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7^ (#m _ ia n) _ *74 (^o + ifflo) + « 
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(2.1) 



where j 1i 7 2 ,73, 74 are the Dirac matrices in the standard representation: 
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Xfi, (J. — 0,1,2,3 are real variables, a M are real functions of x M , k = mc/H, 
da = -dt and $ is a 4- component Dirac spinor. More specifically, a M = 
j^-A^, fj, = 1, 2, 3 with the magnetic vector potential components and clq — 
e&/hc with $ the electric scalar potential. In the rest of the paper the real 
constant k = mc/H will be called mass, and this quantity is identical to the 
inverse of reduced Compton wavelength of Dirac particle with mass m. The 
Dirac matrices in the standard representation satisfy {7^,7^} = 26^. 

From now on both the ^-potential and the mass will be always real, except 
where this omission can cause confusion. 

For convenience some definitions should be introduced. 

Definition 1. Any solution of equation (2.1) for a ^-potential 

a := (a , 0.1,0,2, a 3 ) 
and a mass n will be called Dirac solution. 

Definition 2. A Dirac solution ^ is said to correspond to a mass K , if there 
exists a ^-potential a, such that ^ is a solution of (2.1) connected with a and 

K. 
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Definition 3. A Dirac solution ^ is said to correspond to a ^-potential a, if 
there exists a mass n, such that VP is a solution of (2.1) connected with a and 

K. 

First, we will show that in addition to the continuity equation 

3 

5>m (**747 M *) " (***) = (2.2) 

there are two additional consistency conditions, presented in [TJ] and [T5]. In 
the algebraic symbolic of the present work these conditions can be written as 
follows: 

3 

9 » (**7i7 2 7 3 7 Al *) " id Q (**7i7 2 7 3 74*) + 2^*7i7 2 7 3 * = (2.3) 

11=1 

3 

* T 7i7 3 7,A* - i* T 7i7 3 7 4 5o* = 0, (2.4) 

where ^ T is the transpose of \t. The consistency condition (2.3) is equivalent 
to (7) in [H], while (2.4) is equivalent to (23) in [TJ] and (8) in [IS]. 

The first condition (2.3) can be extracted by multiplying(2.1) with x P*7i7273, 
and subtracting the resulting relation from its Hermitian conjugate. (2.4) can 
be extracted directly by multiplying (2.1) with l J /T 7i73 by using that 7173, 
7 1 7 3 7 /J , (j, = 1, 2, 3, 4 are antisymmetric. 

For convenience we introduce the following notations: 

• We denote the following matrices 

7 5 : = 7i7 2 7 3 74> <*m : = 7 M + 7 5 7 M , M = 1, 2 ) 3, 4 - 

• Let \J> be a Dirac solution, and 6 is a 4 x 4 complex or real matrix. If d is 
a differential operator, then, 

a (**5*) : = - (a**) (5*. 

In |18j two equivalent algebraic expressions of the 4-potential in terms of 
the Dirac solution are derived. At this point, we reproduce these expressions, 
according to the symbols used in this work. 

In what follows, the following properties of Dirac matrices will be used: 
7„, fj, — 1,2, 3, 4, 5 are Hermitian, while the matrices 7^7^, 1 < A ^ /i < 5 are 
anti-Hcrmitian. 

Now, by multiplying (2.1) successively with, ty* and adding the resulting 
equation with its Hermitian conjugate, X J/*7 1 7 4 and subtracting the result from 
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its Hcrmitian conjugate, 5**7274 and subtracting the resulting equation from its 
Hcrmitian conjugate, ^f* r y 3 j4 and then subtracting the resulting equation from 
its Hermitian conjugate, we get respectively, 



2a (** 74 *) = - ]T (** 7ai *) + id (**7 4 *) - 2k***. (2.5) 

2iai**7 4 * = -2k** 7i 7 4 * + di (**7 4 *) - d 2 (**7 5 7 3 *) (2-6) 
+%(**7 B 72*) + **(**7b7i*), 

2w 2 **7 4 * + 2k**7 2 7 4 * (2.7) 
= £>! (**7 5 7 3 *) + d 2 (** 74 *) -9 3 (**7 B 7i*) + (**7 2 *) , 

2ia 3 **7 4 * + 2k**7 3 7 4 * (2.8) 
= -ft (**7 5 7 2 *) + d 2 (**7 B 7i*) +9 3 (**7 4 *) + *d (**7 3 *) • 

Further, multiplying (2.1) successively with, \&*7 5 and subtracting the result 
from its Hermitian conjugate, ^*J 2 J 3 and adding the result with its Hermitian 
conjugate, 5'*7i7 3 and adding the resulting equation with its Hermitian conju- 
gate, 5 , *7i7 2 and adding the resulting equation with its Hermitian conjugate, 
respectively we obtain, 

2a (** 75 74*) (2-9) 
= ido (**7 5 7 4 *) - di (** 75 7i*) - d 2 (**7 5 7 2 *) - d 3 (** 7s 7 3 *) • 

2iai**7 5 7 4 * (2-10) 
= 8 1 (**7 5 7 4 *) - d 2 (**7 3 *) + d 3 (**7 2 *) + ido (* *7 5 7i*) • 

2ia 2 **7 5 7 4 * (2.11) 
= d 1 (tf * 73 tf ) + d 2 (**7 5 7 4 *) ~ds (**7i*) + (**7 5 7 2 *) , 

2ia 3 **7 5 74* (2-12) 

= -<9i (**7 2 *) + d 2 (**7i*) +d 3 (**7 5 7 4 *) + ido (**7 5 7 3 *) , 

The two inversion formulas are given by (2.5), (2.6), (2.7), (2.8) and (2.9), 
(2.10), (2.11), (2.12) respectively. These inversion formulas stand only in the 
following case: \&*7 4 \& ^ or \I'*7 5 7 4 \I> ^ 0. Therefore, a question arises here, 
concerning the existence of nonzero solutions * of the Dirac equation satisfying 
the conditions \&*7 4 \I> = 4'*7i7 2 7 3 v I' = 0. The main aim in the rest of this 
paper is to answer this question. 
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3 Uniqueness of mass and 4-potential 

In this section we prove that any non zero Dirac solution corresponds to one 
and only one mass and also to one and only one 4-potential. These results will 
be used for the certain proofs in the last two sections. 

Definition 4. In the set of all Dirac solutions we define the following relation: 

• f i « f 2 if and only if ^l,^ are gauge equivalent, that is there exists 
a non zero number c and a differentiable function / : R 4 — > R such that 
= ce l ^2- Clearly " « " is an equivalence relation, and by [*] we will 
denote the equivalence class of 

For the proofs of the next theorems we need the following lemmas. 

Lemma 3.1. Let ^ be a non zero Dirac solution. Then any element of [$>] 
is a Dirac solution. If ^ corresponds to a mass k, then any element of [VP] 
corresponds to the same mass n. 

Proof. Since ^ corresponds to the mass k there is a 4-potential (ao, a\, a 2 , 0-3) 
such that \I/ is a solution of (2.1) by these mass and vector field. Let 'I'i be any 
element of [\&] . Then we have \t = c\ exp (if) ^1, for some non zero ci S K and 
some differentiable function / : R 4 — > R. So from (2.1) we get 

3 

7 m ~ i ( fl f - d nf )) - *7 4 ( d o - i (ao ~ do/)) + « *i = 0. 

Therefore, ^1 corresponds to the mass k and to the 4-potential 
(o - d f, a-i - dif, a 2 - d 2 f, a 3 - d 3 f) . 

□ 

Lemma 3.2. Let $ be any Dirac solution. Then there exist at least one ^0 G 
such that 

o 3 
- id (*S7 4 *o) + d » (*o7„*o) + 2 K ***o - 0. (3.1) 

Proof. We define ^0 by 

x & = cxp(-iJ a (s,xi,x 2 ,x 3 )ds S j * , (3.2) 

where k is a real constant in the domain of ao- Then v^o G 

Let 8 be any matrix with real or complex entries. Then from (3.2) we easily 
get, 

ido = 2a<>tf 5<J*o + ido (*o<5*o) , (3.3) 
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and obviously 



= **<5* , d„ (**<5*) = (*5<5* ) • (3.4) 
Now, if we substitute (3.2) in (2.5), by using (3.3) and (3.4) we get (3.1). □ 

Theorem 3.3. Any non zero Dirac solution corresponds to one and only one 
mass. 

Proof. Let be any Dirac solution. Let B ($>) be the set of all masses to which 
<J/ corresponds. Then, according to Lemma 3.1, we have B (\I>o) = B (VP) for all 
V^o G [*] • Therefore it suffices to show that some element of [*] corresponds to 
exactly one mass: According to Lemma 3.2 there is one £ which satisfies 
(3.1). From * ^ it follows that there is one set 4 such that (s) * (s) ^ 
and consequently "fg (s) *o ( s ) ^ 0- Therefore, from (3.1) we get the following 
unique expression of the mass k that corresponds to 'J'o- 



id (s) 74 vP (s)) E'=i d, (n W 7,*o (*)) 



2*5 (»)$oW 
Therefore corresponds to a unique mass. 



□ 



Theorem 3.4. Any non zero Dirac solution corresponds to one and only one 
^-potential. 

Proof. Suppose that * corresponds to the following two 4-potentials sn = 
(aoj,aij,a,2j,a3j), j = 1,2. Then according to Theorem 3.3 there is unique 
mass k such that 



X! 7 P _ * a w) _ *74 {<h + iaoj) + « 

.M=l 



If we subtract both equations, we get, 

3 



* = 0, J = 1,2. 



7 4 («02 - »oi) - i 7 M («m2 - 



* = 0. 



Multiplying this last relation by 7 4 (a 2 — a i)+i X^=i 7^ ( a ^2 — a Mi) ^ follows 



n=o 



* = 



Therefore, the restrictions to supp (*) of both real 4-potentials ai, a 2 are iden- 
tical. □ 
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4 The 4-potential in terms of \I/ 



In this section the problem of the correspondence between the Dirac solutions 
and electromagnetic 4-potentials, is completely solved. We will also derive an 
expression of the 4-potential in terms of the Dirac solution. 



Lemma 4.1. For any x G supp ("f) we have, 

(* T 7 2 *) (* T 7i7 2 7 4 *) + (* T 7i7 2 7 4 *) (* T 7 2 *) 
(* T 72 *) (*r 74 $) + (H/ T 74 M/) JW^) 

(* T 7 2 *) (* T 7 2 7 3 7 4 *) + (* T 7 2 7 3 7 4 *) (* r 7 2 *) 
if and only if 



(4.1) 



(* T 7 2 *) (**(J 4 tf ) = 0, 



(4.2) 



where \I> = $ (x) . 
Proof. With 
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after some algebra, (4.1) can be written as 



(4.3) 



(CiC 4 - C 2 C 3 ) (C1C2 - C3C4) 
(C1C4 - C 2 C 3 ) (C1C2 + C3C4) 



C1C4C2C3 



(C1C4 - C 2 C 3 ) (C1C2 - C3C4) , 

(C1C4 - C2C3) (C1C2 + C3C4), 

C1C4C2C35 



which by 



Ci = ^1(3 and C4 = ^2(2 



(4.4) 



becomes the following form: 

I C2C3 1 2 [( w i w 2 - 1) (wT - 0J2) - (^1^2 - 1) (wi - u> 2 )] 
I C2C3 1 2 [( w i w 2 - 1) (W1+W2) + (uJiwi" - 1) (wi +W2)] 

I C2C3 1 2 (^1^2 - ^1^2) 



0, 
0, 
0. 



That is 



C 2 = or C 3 = or 



(u;icj 2 — 1) (wT - W2) - (wiw 2 - 1) (wi - cj 2 ) = 0, 
(cl>icj 2 — 1) + 0J2) + (W1W2 — 1) (wi + CJ 2 ) =0 = 0, 
cjiw 2 G K, 



which is equivalent to 

( 2 — or C 3 = or wicj 2 



or 1 - w 2 - Wl + CJ 2 

' uJT + + wi + w 2 
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or equivalently 

( 2 = or C 3 = or uo\U) 2 - 1 = or wi +W2 = 0, 
which can be equivalently written as 

I C 2 1 2 C§ (wiw 2 - 1) (wi +u%) = 0, 

or by (4.4) 

(CiC4-C2C 3 )(CiG + C3Cl) -0, 
which by using (4.3) can be rewritten as (4.2). □ 

Lemma 4.2. Let U be any non empty open subset o/supp^). Then for any 
x G supp (vP) we have 

* T 7 2 * = **5 4 * = 0, (4.5) 

if and only if 

* = [^1 2 i>i ^2\ T or bPi V> 2 - -01 - 2 ] T i 

w/iere 5» = W (x) and ^ = if) (x) . 
Proof. Setting (4.3) in (4.5) we get 

CiC4-C 2 C3,C7C 2 + GC4 = o, (4.6) 

Suppose that for some x G supp (<£) holds C1C2C3C4 0- Then from (4.6) we 
easily obtain 



Therefore for any x G supp holds C1C2C3C4 = 0. Hence, from (4.6) we have 
that for any x G supp (\I>) 

d = C 3 = or C 2 = C 4 = 
which by (4.3) can be rewritten as 

04 + 02 = 03 + 01 = OT 04 - 02 = 03 ~ 01 = °- 

□ 

Lemma 4.3. Let f a Dirac solution. If = ?/> 2 ^ - 02] T or \& = 
[■01 02 — V'l — '02] t° an open set U , then ^ = to U. 

Proof. If VP = 02 — V'l — ^2] T i then from (2.1) we obtain the following 
system of equations (S), 

id\i) 2 + d 2 tp 2 + *^3^i - ido4>i = - a iip2 + - a 30i - aoV'i - «0i 

idi'4) 1 ~ d 2 ipi - id 3 4> 2 ~ idotp 2 = -aiV'i _ 'i-a 2 ip 1 + a 3 ip 2 ~ a a ip 2 ~ K 02 
id\^) 2 + d 2 ip 2 + id^ 1 - i<9o0! = —a\i\) 2 + ia 2 tp 2 - - aoV'i + K 0i 

idllp! - d 2 lj)\ ~ iC>3V>2 — ^O'02 = — GlV'l ~ * a 2^1 + «302 _ 00^2 + K 02- 
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We distinguish the following two cases: Case 1: k / 0, then subtracting the 
first equation from the third, the second from the fourth we obtain respectively 
2kVi = 0' 2/«/> 2 = 0- Therefore tp 1 = ip 2 = 0. Case 2: k = 0, then (S) obtains 
the following equivalent form: 

—aiip 2 + io-2i>2 — a 3i>i - a oiPi = id\4>2 + ft^2 + id 3 ip 1 - id tp 1 

—aiip 1 —ia2ipi+a 3 ip 2 - a o' l p2 = ^ftV'i _ ft^i — *ft^2 ~~ ^ftV^) 

A trivial solution of (S) is ^ = 0. We suppose, (S) has also a solution ^ 0. 
Setting fcj = Re(^j), ij = Im^), Re(cj) = m-j, Im(cj) = rij, z = 1,2, where 

ci = z9ii/>2 + ft ^2 + idz'tPi — idoipi and C2 = iftV'i — ftV'i — *ft^2 — ^ftV^i the 
two equations can be equivalently written as 

— fciao - feai — ^2 - fci«3 = mi 

— Zido - fe^l + ^202 - ^1«3 = "1 

— ^200 - kidi + l\a 2 + fc 2 a 3 = m 2 
— feao — hai — k\a2 + a 3 h = ri2 

At his point we attempt to solve the above real system for the four unknowns 
oo, ai, oi2, 03. We may calculate det (P) = 0, where 
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-h 
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Therefore the above system of equations has either no solutions or has a infinite 
number of solutions, which is impossible according to Theorem 3.4. Hence 
* = 0. □ 

If 5* = [ipi ip 2 V'i ^2] > m a manner similar as above, we can show that in 
any case = 0. 

Theorem 4.4. For any Dirac solution we have 

supp (**(5 4 *) = supp (*) , 

and the restrictions to supp of the components of the corresponding 4~ 
potential is given by 



01 
-ia 



**7 3 7 4 * 





z<9 
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-ft 
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id 
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(4.7) 
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Proof. If * = 0, then supp (**<5 4 *) = supp (*) = 0. If * ^ 0, then supp (**<5 4 \E') C 
supp (*) ^ 0. We suppose that the open subsets supp (**(>4*), supp (*) in M 4 
are not equal. Then there exists a non empty open set U C supp (*), such that 



**<5 4 * = 0. 



Now, if we also suppose that 



* T 7 2 * \u 



0, 



(4.8) 



(4.9) 



then from (4.8), (4.9) and Lemma 4.2 we have that the restriction to U of 
* has the following form: * = [tp 1 ip 2 ip 1 ip 2 ] t or [ip 1 ip 2 — "0i — V^]* • From 
this and Lemma 4.3 we obtain * \u =0. This contradicts to the condition 
U C supp (*). Therefore there exists a non empty open subset U\ oi U 
such that ^ T j 2 ^ 7^ at any point in U\. Therefore the functions 9i, 82, 63 
given by 



:= i 



,.* T 7i7 2 7 4 * 



* T 7 2 * 



©2 := -i 



* T 7 4 * 
* T 7 2 * ' 



9, := -i 



• * T 7 2 7374* 



* T 7 2 * 



(4.10) 



are well defined on U\, and according to Lemma 4.1, are real functions to U\. 
Since * is a Dirac solution, we have that * satisfies the Dirac equation (2.1) 
for some 4-potential (ao, ai, a 2 , (13) and some mass k. Let / be any real function 
defined in Ui. Then (2.1) can be rewritten as 



' 3 



2^ 7 M iPii ~i{a^ + /© M )) ~ *7 4 (do + i{a + /)) + k 



Lm=i 



74 - * 51 6 ^ 



After some algebraic calculations we easily get 



' 3 

* J2 e ^ 



7 4 



Combining the last two relations we obtain 



* = 0. 



' 3 



i + f®id) ~ *7 4 [do +i(a + /)) + k 



* = 0. 



(4.11) 



Therefore * corresponds to (a + f, a\ + /©1, a 2 + /© 2 , a 2 + /©3) for all real 
functions / defined on Ui, which contradicts to Theorem 3.4. Hence, the sets 
supp (** (54*), supp(*) are identical. 

Now, if we add, (2.5) with (2.9), (2.6) with (2.10), (2.7) with (2.11), and 
(2.8) with (2.12), we respectively obtain, 



2a **5 4 * + 2k*** 
= -di (tf ) - d 2 (**<5 2 *) - d 3 (**<5 3 *) + id (**<5 4 *) . 



(4.12) 
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2iai**£ 4 * = -2k** 7i74 * + d 1 (**J 4 *) - d 2 (tf *J 3 *) (4.13) 

2ia 2 **5 4 * (4.14) 
= -2k** 72 7 4 * + d x (**<5 3 *) + d 2 (**<5 4 *) -<9 3 + i<9 (**(5 2 *) , 

2ia 3 tf*<S 4 * = -2k**7 3 7 4 * - 0i (**<5 2 *) + <9 2 (**(5i*) (4.15) 
+ d 3 (**(5 4 *) + id (**<53*) • 

Finally, it easy to verify, that the system of equations (4.12), (4.13), (4.14), 
(4.15) can be rewritten as (4.7). □ 

Theorem 4.5. Let ^ be a Dirac solution corresponding to a real 4-potential 
a = (ao, ai, a 2 , a 3 ) and holding the condition \I/ T 7 2 \I/ ^ 0. TTien at /east one 
of the functions ©i, 2 , 3 , as given (4-10), is not real, and correspond 
to all complex 4-potentials containing in the set P (\I>) given by 

P(*) - {(a + /, ai + /©i, «2 + /©2, «3 + /©s) : / : supp (* T 72 *) -»■ C} , 

and i/iere errasfc at Zeast a ^-poie«£ia/ m P(^), tu/wcft is gawge inequivalent to 
a. 

Proof. If we suppose that the functions ©i, 2 , 3 are all real , then, as we saw 
in the proof of the Theorem 4.4, see (4.11), \& correspond to all real 4-potentials 
(ao + /, ai + /©i, a 2 + /0 2 , a 2 + /© 3 ) , where / is any real function defined 
on supp (\E ,T 7 2 \I'), which, according to Theorem 3.4, can not be true. Therefore 
at least one of the functions ©i, 2 , 3 is not real and we can prove that 
corresponds to all complex 4-potentials containing in the set P (^), in a manner 
similar to Theorem 4.4. 

We consider the complex 4-potentials ai = (a + 1, a\ + ©i, a 2 + 2 , a 3 + 3 ) 
and a 2 = (a + x , ai + x @i, a 2 + x o 2 , a 2 + x o 3 ) S P (*) obtaining by 
/ = 1 and / = xo. We suppose that ai and a 2 are both gauge equivalent 
to a. That is the fields (1, ©i, @ 2 , 3 ), (xo, xo©i, xo@ 2 , xo© 3 ) are conservative. 
Therefore it holds 

$,e„ = 0,/i = l,2,3, (4.16) 

and 

x d Q G l ,+ M = l,/i=l, 2, 3. (4.17) 
From (4.16) and (4.17) it follows ©^ = 1, fi = 1, 2, 3, which is equivalent to 

«* T 7 l72 7 4 * = -2* T 7 4 * = -2* T 7 2 7 3 7 4 * = * T 7 2 'I'. 

Now, after some algebra, we can find the set L, of all solutions ^ of the above 
bilinear equations system: 



V'i 








V>i 




V'i 









V>i 













-^i 




^2 




^2 








-V>i 




V'i 




-^i 















> 


-*l>2 













^2 




~V>2 




V>i 


> 
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Finally it is easy to verify that all elements of L satisfy identically the equation 
1 T 72* = 0; which contradicts to the condition 1 T 72 1 ^ 0. Therefore at least 
one of the 4-potentials ai , a 2 is gauge inequivalent to a. □ 



5 Consistency Conditions 



In this section it is shown that in any class of gauge equivalent Dirac solutions 
there is one and only one nonempty subclass, such that all elements of this 
subclass, satisfy some other new bilinear consistency conditions, in addition to 
(2.2), (2.3), (2.4). 

Definition 5. In the set of all Dirac solutions we define also the following four 
relations: 

• 1i I2, M = 0; 1,2,3 if and only if there exist a non zero number k 
and a differentiable function / : R 4 — > R with d^f — 0, such that 1i = 
fce^\E'2- Clearly the four relations " ", fi = 0,1,2,3 are equivalence 
relations, and by [1]^ we will denote respectively the equivalence classes 
of*. 

It is clear that [*] C [1] . 

Theorem 5.1. Let 1 be any Dirac solution. Then there exist 1o, 1i, I2, 
1 3 e [1], such that any * £ *o , *1 € 1i , 1 2 G $2 , 1.3 G 1.3 to- 



G 


If) 


, *l G 


ll 


, *2 G 


1 2 


, *3 G 


*3 











1 




2 





gether with the relations (2.2), (2.3), (2.4), also satisfy respectively the following 
equations, 



- id (*S7 4 *o) + Yl d » + 2^*o = 0, (5.1) 

idv (*S7 5 7 4 *o) = d 1 (** 757l *o) + d 2 (tfS7 5 7 2 *o) + d 3 (*S7 5 7 3 *o) , (5.2) 

d! (* l7 574*i) - d 2 (**7s*i) + 9 3 (**72*i) + (*i7 B 7i*i) = 0, (5.3) 

-ia (* 1 7 5 7i*i) + 2/t*i7i74*i (5-4) 
= d 1 (*l7 4 *i) - <9 2 (*i7 5 7 3 *i) + <9 3 (*i7s72*i) » 

o>i (1-273*2) + d 2 (*27 5 7 4 *2) - d 3 (*27i*2) + *<9 (*27 5 7 2 *2) - 0, (5.5) 

2 K 1* 72 7 4 1 2 - id Q (*; 72 *2) (5.6) 
= & (1-275 7 3 *2) + d 2 (1^74*2) - <9 3 (**7 57l * 2 ) , 



di (*57a*3) + & (*S7i*s) + 5 3 (13*7574*3) + (137 5 7 3 *3) = 0, (5.7) 
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2k*37 3 7 4 *3 - id (*37s*3) 

= -9l(*57B72*3) + %(*5757l*3) + 93 (*574*3). (5-8) 
Further, «/ * ^ 0, then the classes 

Proof. We define *o by 



, /j, = 0, 1, 2, 3 are unique. 



x & = cxp(-iJ a (s,xi,x 2 ,x 3 )ds S j * , (5.9) 

where fc is a non zero real constant. Then *o G [*]• Therefore according Lemma 
3.2 $ satisfies (5.1). Further if we put (3.3) and (3.4), by * = *o, in (2.9) it 
follows (5.2). 



Let *o be any element of 



*o 



. Then 

o 



*o = c 2 exp(i#)* , (5.10) 

for some non zero c 2 G R and some differentiable function g : R 3 —tM.,g = 
g (xi, x 2 , X3). By substituting (5.10) in (5.1) and (5.2) we conclude immediately 
that *o satisfies the relations (5.1) and (5.2). 

Uniqueness of *o : If we subtract (5.1) from (5.2) it follows, 

id a (*S5 4 *o) - 2 K ***o + d » (*o*m*o) • (5.H) 

Let *o be any element of [*] satisfying (5.1), (5.2) and also (5.11). That is 

3 

id (%^o) = 2k$S*o + J2 9 » (*o^*o) • (5.12) 

Now, from ^Qi^o € [^] it follows that there exists a non zero a £ R and a 
differentiable function / : R 4 — > R, such that 

$S=aexp(i/)* - (5.13) 
Substituting (5.13) in (5.12), after some calculations, we get, 

- 2*554*0*/ + ido (*^4*o) = 2k*5* + J2 d » (*o^*o) • (5-14) 

Subtracting (5.14) from (5.11) we obtain, (*o(5 4 *o) 3o/ = 0. Therefore, from 
the condition **5 4 * 7^ and the fact supp (**(5 4 *) = supp (*) (see Theorem 
5.5) we get dof = to supp (*), which combined with (5.13) gives *q £ [*o]o = 
*o • 
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Finally, if we define /x = 1, 2, 3 by 



da * M , (5.15) 



* = cxp y a M (x ,Xi,x 2 ,x 3 ) 
then, by using 

= 2a M ^<5* + z9 ( 5 - 16 ) 



and 



*J* = a, - 9 M , (5.17) 

in a manner similar as above, by using (5.15), (5.16), (5.17), we can show that 
any element $i £ , Vf^ G ^2 , ^3 G ^3 satisfies respectively (5.3) 



and (5.4), (5.5) and (5.6), (5.7) and (5.8) and that the classes 

*3 



*1 



2 

are unique. We will omit the details. □ 



3 

6 Summary 

In the present study it is shown that a solution of Dirac equation with 
real 4-potential corresponds to one and only one mass and also to one and only 
one real electromagnetic 4-potential. Furthermore, any such Dirac solution 
satisfies the condition supp \&* (74 + 7i7 2 7 3 ) * = supp(\P). These results allow 
us to find an expression of the unique real 4-potential in terms of \I>. Further, 
it is shown that any such solution of the Dirac equation corresponds to infinite 
number of complex 4-potentials and the set of all these 4-potentials is provided. 

Additionally, we have derived a number of new consistency conditions, which 
are satisfied by at least one member in each gauge equivalent class of Dirac 
solutions. Finally it has been proven that every Dirac solution corresponds to 
one and only one mass of Dirac particles. 

Acknowledgement The authors wish to express their gratitude to Prof 
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